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Abstract Let A be a hereditary algebra over an algebraically closed 
field k and A^ be the m-replicated algebra of A. Given an A^-module 
T, we denote by S(T) the number of non isomorphic indecomposable 
summands of T. In this paper, we prove that a partial tilting A^ m '- 
module T is a tilting A( m )-module if and only if 5(T) = 5{A^ m ^ ) , and that 
every partial tilting A^ -module has complements. As an application, 
we deduce that the tilting quiver J^ A ( m ) of A^ is connected. Moreover, 
we investigate the number of complements to almost tilting modules 
over duplicated algebras. 
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1 Introduction 



Let A be an Artin algebra. We denote by A-mod the category of all finitely gen- 
erated left A-modules, and we always assumed that subcategories of A-modules 
closed under isomorphisms and direct summands. We denote by pd^X the pro- 
jective dimension of an A-module X and by gl.dim A the global dimension of A. 
Given an A-module M, we denote by add M the full subcategory having as objects 
the direct sums of indecomposable summands of M and by 5(M) the number of 
non isomorphic indecomposable summands of T. 

A module T e A-mod is called a (generalized) tilting module if the following 



conditions are satisfied: 

(1) pd A T = n < oo; 

(2) Ext^(T, T) = for all i > 0; 

(3) There is a long exact sequence 

O^A^To^T,^ >T n ^0 

with Ti e add T for < i < n. 

An A-module M satisfying the conditions (1) and (2) of the definition above is 
called a partial tilting module and if moreover S(M) = 6(A) — 1, then M is called 
an almost complete tilting module. Let M be a partial tilting module and X be 
an A-module such that M © X is a tilting module and addM n addX = 0. Then 
X will be called a complement to M. 

It is well known that in the classical situation M always admits a complement 
and M is a tilting module if and only if 5(M) = 6(A) [5]. However, in general 
situations complements do not always exist, as shown in [13]. Moreover it is an 
important open problem whether for a partial tilting module M with 8(M) = 6(A) 
is sufficient for M to be a tilting module. In this paper, we prove that this is true 
for m-replicated algebra A^ m \ i.e., a partial tilting A ( m ) -module T is tilting if and 
only if 5(T) = 5(A^), and every partial tilting A (m ) -module has complements. 

Let A be a hereditary algebra over an algebraically closed field k and A^ 
be the m-replicated algebra A. This kind of algebras, introduced in [1,2], gives 
a one-to-one correspondence between basic tilting A^-modules with projective 
dimension at most m and basic tilting objects in m— cluster category ^ m (A) and it 
is proved that a faithful partial tilting A^-module T with pd A ( m )T < m is tilting 
if 5(T) = 5(A < - m ^ ) ). In [12], we proved that the presentation dimension of A^ is 
at most 3, and in [11], we investigated complements to the almost complete tilting 
modules and proved that a faithful almost complete tilting A^-module T 
with pd A (m)T < m has exactly m+1 indecomposable non-isomorphic complements 
of projective dimensions at most m. This motivates the further investigation on 
the generalized partial tilting modules over m-replicated algebras. 



Now we state our main results of this paper in the following theorems. 

Theorem 1. A partial tilting A*™' -module T is tilting if and only if 5(T) = 
<S(A< m >). 

Theorem 2. Let M be a partial tilting i' m ' -module. Then M admits a com- 
plement C in A^ 1 ] -mod. 

Note that Theorem 1 and Theorem 2 above generalized the results in [2], here 
the restriction on projective dimension for partial tilting modules over m-replicated 
algebra A*" 1 ) is removed. Moreover, our proofs are very deferent from [2]. 

Theorem 3. The tilting quiver J^ A ( m ) of A^ is connected. 

This paper is arranged as the following. In section 2, we fix the notations and 
recall some necessary facts needed for our further research. Section 3 is devoted to 
the proof of Theorem 1, Theorem 2 and Theorem 3. In section 4, we investigate 
the number of complements to an almost tilting module over duplicated algebras. 

2 Preliminaries 

Let A be a finite dimensional algebra over an algebraically closed field k. We denote 
by A-mod the category of all finitely generated left A-modules and by A-ind the full 
subcategory of A-mod containing exactly one representative of each isomorphism 
class of indecomposable A-modules. D = Hom fc (-, k) is the standard duality 
between A-mod and A op -mod, and r A is the Auslander-Reiten translation of A. 
The Auslander-Reiten quiver of A is denoted by T A . 

Let C be a full subcategory of A-mod, C M G C and ip : C M — ► M with 
M E A-mod. The morphism ip is a right C-approximation of M if the induced 
morphism Honi^C, Cm) — ► Hom^(C, M) is surjective for any C G C. A minimal 
right C-approximation of M is a right C-approximation which is also a right minimal 
morphism, i.e., its restriction to any nonzero summand is nonzero. The subcategory 
C is called contravariantly finite if any module M G A-mod admits a (minimal) right 



C-approximation. The notions of (minimal) left C-approximation and of covariantly 
finite subcategory are dually defined. It is well known that add M is both a 
contravariantly finite subcategory and a covariantly finite subcategory. 



Given any module M G A-mod, we denote by M 1 - the subcategory of A-mod 
with objects X e A-mod satisfying Ext\(M,X) = for alH > 1 and by ± M the 
subcategory of A-mod with objects X e A-mod satisfying Ext^(X, M) = for % > 
1. We denote by Vt % A M and Vt~^M the i-th syzygy and cosyzygy of M respectively, 
and denote by gen M the subcategory of A-mod whose objects are generated by 
M. We may decompose M as M = ©"jMf , where each Mj is indecomposable, 
di > for each i, and Mj is not isomorphic to Mj if % ^ j. The module M is called 
basic if di — 1 for any %. The number of non-isomorphic indecomposable modules 
occurring in the direct sum decomposition above is uniquely determined and it is 
denoted by 5(M). 

Let M, N be two indecomposable A- modules. A path from M to N in A-ind is 
a sequence of non-zero morphisms 

ft 



M = M Mi 



M t = N 



with all Mj in A-ind. Following [14], we denote the existence of such a path by 
M < N. We say that M is a predecessor of N (or that iV is a successor of M). 

From now on, let A be a finite dimensional hereditary algebra over algebraically 
closed field k. According to [2], we define the m-replicated algebra of A as the (finite 
dimensional) matrix algebra 



A 

Qi A 1 

Q 2 A 2 

••• 









Q r , 



where Aj = A, Qi = DA for all i and all the remaining coefficients are zero and 
multiplication is induced from the canonical isomorphisms A £gu DA = aDAa = 
DA ®a A and the zero morphism DA ®a DA — > 0. 



We identify A with A and each Aj-ind with the corresponding full convex 
subcategory of A^-md for < % < m. We denote by S the set of all non- 
isomorphic indecomposable projective A -modules and denote f^( m) S by Ej. 

If m — 1, then is the duplicated algebra of A (see [1]). Also from [2], we 
have that m + 1 < gl.dim < 2m + 1. Moreover, if A is representation-infinite, 
then gl.dim A^ = 2m + 1. 

Let A' be the right repetitive algebra of A defined in [1,2]. The next lemma 
also is proved in [2]. 

Lemma 2.1. (l)The standard embeddings Ai — ind <^-> A^ — ind (where < 
i < m) and A^ — ind <^-> A' — ind are full, exact, preserve indecomposable modules, 
almost split sequences and irreducible morphisms. 

(2) Let M be an indecomposable A' -module which is not projective and k > 1. 
Then pd M = k if and only if Sfe-i < M < T, k . 

(3) Let M be an indecomposable A^ -module which is not in ind A^°\ Then its 
projective cover in A^-mod is projective-injective and coincides with its projective 
cover in A' -mod. 

The following lemma is the main results in [11]. 

Lemma 2.2. Let T be a faithful almost complete tilting A^ -module with 
pd A ( m )T < m. Then there exists an exact sequence 

( * ) — X J»+ r ^ T[ — >T^_ 2 T' m _ x — X m — 

in A^-mod, such that 

(1) T[ e addT for all < % < m - 1, 

(2) Xi = Coker g { _x for 1 < i < m, i < pd A ( m )Xj < i + 1 for < i < m, 

(3) each of the induced monomorphisms Xi <^-> T[ is a minimal left add T- 
approximation. 

(4) T has exactly m + 1 non-isomorphic indecomposable complements X ,Xi, 



• • • , X m with projective dimensions at most m. 

(5) If pd A (m)T — t < m, the complements to T have the distribution as the 
following. 

(i) If pd A ( m )X = ; then pd A ( m )Xj = i for each i. 

(ii) If pd A (m)X 7^ ; then there exists a unique j with < j < t — 1 such that 
pd A ( m )Xj = pd A ( m )X j+1 = j + 1, pd A ( m )Xi — i + l for < % < j and pd A ( m )Xj = % 
for i > j + 1 . 

(6) The number of non-isomorphic indecomposable complements to T is either 
2m + 1 or 2m + 2. 

According to Proposition 2.2 in [6], we have the following Lemma. 

Lemma 2.3. Let M be a partial tilting -module. If is contravariantly 
finite subcategory in A-mod, then M admits a complement C . 

The following Lemma is proved in [9]. 

Lemma 2.4. Let M be an almost complete tilting module with an indecompos- 
able complement X. 

(1) If X is generated by M and f : M' — > X is a minimal right addM- 
approximation of X , then Kerf is also an indecomposable complement not isomor- 
phic to X and Kerf — > M' is a minimal left add M- approximation of Keif . 

(2) If X is cogenerated by M and g : X — > M" is a minimal left addM- 
approximation of X , then Coker g is also an indecomposable complement not iso- 
morphic to X and M" — > Coker g is a minimal right add M- approximation of 
Coker g. 

For the Auslander-Reiten quivers of A' and A^ m \ we refer to [2]. Throughout 
this paper, we follow the standard terminology and notation used in the represen- 
tation theory of algebras, see [4, 14]. 



3 Partial tilting A( m )- modules 



In this section, we prove Theorem 1, Theorem 2 and Theorem 3 promised in the 
introduction. 

Theorem 3.1. Let T be a partial tilting A^ -module. Then T is a tilting 
-module if and only if 5(T) = S(A^). 

Proof. We only need to prove that T is a tilting A ("^-module whenever 5(T) = 
5{A^) = n(m + 1). Now we suppose pd T = t. 

Case I. Let t < to. By [2], we know that T admits a complement C in A^-mod, 
i.e., T©C is a tilting A^ -module and S(T) = S(A^) = (m + l)6(A) =6(T@C). 
We have that add C C add T, hence T = T © C is a tilting A( m )-module. 

Case II. Let t > m. Then T can be regarded as a partial tilting A^-module. 
As in Case I and by [2], we know that T admits a complement X in A^-mod, i.e., 
T © X is a tilting A^-module and 5(T © X) = <J(AW) = (t + 1)<J(A). 

We have that S(X) = (t — m)5(A) and X is the direct sum of all indecomposable 

projective-injective A^-modules which are not -modules. Since ebdim A® < 

2t + 1, we know that V = T © X is a cotilting A^-module. By [3], L T = {M E 
A (t) 

— mod | Ext^(t) (M, T) = 0, % > 0} is a contravariantly finite subcategory of 
A^-mod. 

Let = L T = {M E A( m ) - mod | Ext^ (m) (M, T) = 0,i > 0}. Then ;t = 

We claim that A" is a contravariantly finite subcategory of A^-mod. 

In fact, V M E A (m) - mod. Let / M : X M -> M be the minimal right ± T'- 
approximation of M. Then Xm E A^ — mod and fu '■ Xm — > M is the minimal 
right A'-approximation of M. For otherwise, Xm can be decomposed as Xm = 
X m © X 4 , where X m E A^ - mod and ^ X t £ A (m) - mod. Since t > to and 
X t E A® — mod, we have that Hom A(t )(X t , M) = 0, which contradicts with the 
assumption that fu is minimal. 

By Lemma 2.3, we know that T admits a complement N in mod-A^ m \ i.e., 
T © N is a tilting ^-module and 5(T ® N) = S(A^) = (to + = S(T). 

This forces that add N C add T, therefore T = T © iV is a tilting A( m )-module. 



This completes the proof. 



□ 



Theorem 3.2. Let M be a partial tilting A^ -module. Then M admits a 
complement C in A^-mod. 

Proof. Let pd M — t. If t < m, the consequence has been proved in [2]. 
Therefore we only need to consider the case of m < t < 2m + 1. 

By [2] again, we know that M admits a complement X in A^-mod with 
pd X < t. Without loss generality we may assume that M and X are basic. 
We decompose M as M = Mi ©P, where Mi has no projective-injective summand 
and P is a projective-injective A ( m ) -module. We denote by P m the direct sum of 
all indecomposable projective-injective A( m ) -modules and by P(j) the direct sum of 
all indecomposable projective-injective A^-modules which are not A^-modules 
for all % with m < % < t. Then the tilting A^-module M © X can be written as 
M © X = Mi © P m © Ni © P( t ) with Ni haing no projective-injective summand. 

If pd Ni < m, then Ni G mod-A^ and 5{M l © P m © N x ) = (m + l)S(A). By 
Theorem 3.1, we know that M 1 © P m © N x = M © C is a tilting A( m )-module and 
that C is a complement to M in A( m )-mod. 

If pd Ni = i > m, then m < i < t. Take an indecomposable summand 
Nj of A' - ! with pd Nj — j > m, let iV(j) = Ni/Nj. Then iVj is a complement 
to the faithful almost tilting A^-module Mi © P m © © P (t) . According to 
Lemma 2.2 and Lemma 2.4, we have an exact sequence — > Xj ; — > T — > ■ • • — > 
— > A/,- — > with pd Xj < m and all T s G add(Mi © P m © X (j) © P (t) ) with 
< s < j — 1. Moreover, we know that Xj is a complement to the faithful almost 
tilting A® -module M 1 © P m © AT (j) © P (t) , and we obtain a tilting A w -module 
Mi © P m © X (j) © X,- © P ( i) . 

We repeat the above process for every indecomposable summand with projective 
dimension bigger than m. We then obtain a tilting A^ m ^-module M © P m © N', 
and we deduce that M has a tilting complement in A^-mod. This completes the 
proof. □ 

Corollary 3.3. Let A be representation-infinite and let T be a faithful almost 
complete tilting A^ -module. Then the number of non-isomorphic indecomposable 
complements to T is either 2m + 1 or 2m + 2. 



Proof. Note that £ 2m = E C A m - ind, and S 2m _i n A m -ind = 0. If 

pdT = 2m, then the consequence can be deuced from Theorem 3.1 and Lemma 
2.1 and Lemma 2.2. Let pdT = 2m + I. We denote by P m the direct sum of all 
indecomposable projective-injective A^> -modules and by P^ the direct sum of all 
indecomposable projective-injective A^-modules which are not -modules for 
all % with m < % < 2m + 1. Then T © -P(2m+i) can be regard as a faithful almost 
complete tilting A^ 2m+1 )-module. By Lemma 2.2 and Theorem 3.1, we know that 
T © P(2m+i) has 2m + 2 non-isomorphic complements with projective dimension 
at most 2m + 1, and that there are at least 2m non-isomorphic complements with 
projective dimension at most 2m, these complements are A^-modules. 

Now if T©P( 2m +i) has only one complement with projective dimension 2m + 1, 
then the number of non-isomorphic complements to in A^-mod to T © P<2 m +i) is 
at least 2m + 1, hence T has 2m + 1 non-isomorphic complements in A^-mod. 

If T © P(2m+\) has exactly two complements X\ and X 2 with pd A (2m+i)Xi = 
pd j4 (2m+i)X 2 = 2m + 1, the by using Lemma 2.2, we have a non split exact sequence 
-> X 1 ^ V X 2 -> with V G add T © P (2m +i) and / : X 1 -> T is the 
minimal left add T © P( 2m+ i) -approximation. Since pd A (2 m +i)X 1 = pd A ( 2 m+i)X 2 = 
2m + 1, T' cannot be projective-injective. It is easy to see that ^ T = T' / P 2m+ i 
is a A^-mod. Since Hom^m+i) (Xi, T ) ^ 0, T must have an indecomposable 
summand X such that Hoin^m+i) (X 1; X) ^ 0. By Lemma 2.1, we have that 
Hom j4(m) (X 1 ,X) 7^ 0, and that Xi is a predecessor of X. Note that X is a 
module, therefore X x e A^-mod, and T has 2m + 1 non-isomorphic complements 
in A^-mod. This completes the proof. □ 

Let T A ( m ) be the set of all basic tilting A^ m )-modules up to isomorphism. Ac- 
cording to [10], the tilting quiver Jt A ( m ) of tilting A( m )-modules is defined as the 
following. The vertices of Jf A ( m ) are the elements of T A ( m ). There is an arrow 
V -> T if V = T © X, T = T © Y with X, F indecomposable and there is a short 
exact sequence O^X^E^Y^O with e add T. The underlying graph of 
J^ A ( m ) is denoted by Jf A (, m ), and it is called the tilting graph of A^ m \ 

Theorem 3.4. Let A^™ 1 be the m-replicated algebra of a hereditary algebra of 
A. Then the tilting quiver A ( m ) of A^ is connected. 



Proof. Let T be a basic tilting A( m )-module with pd T = t > 1, and X t be 
an indecomposable summand of T with pd X t = t. Then T( t ) = T/X t is a faithful 
almost tilting -module and X t is a complement to T( t ). By Lemma 2.2, we 
have the following exact sequence. 

(*) o — > x Tg t{ — > ► t;_ 2 ^4 t;_! ^ x t o 

in A( m )-mod, such that 

(1) 77 G addT w for all < % < t - 1, 

(2) Xi = Im fi for < % < t, and i < pd A(m) Xi < % + 1 for < % < t - 1, 

(3) each of the induced monomorphisms X { T/ is a minimal left add T( t )- 
approximation. 

Note that pd A ( m )X < 1, and by (*) there is a path from X © T( t ) to T = 
T( t ) ©X t in J^ A (m). We can repeat this process for indecomposable summands with 
maximal projective dimension until obtaining a path from a tilting A( m )-module 
with projective dimension at most one to X ©T( t ). According to [15] we know that 
all basic tilting A( m )-modules with projective dimension at most one consists of a 
connected subquiver of J^ A ( m ), so Jf^i™) is connected. This completes the proof. 
□ 



4 Complements to almost complete tilting mod- 
ules over duplicated algebras 

In this section, we investigate the number of complements to a basic almost com- 
plete tilting module over duplicated algebras. According to [6], we know that if 
a basic almost complete tilting module is not faithful, then it has a unique com- 
plement. Therefore we only need to consider faithful basic almost complete tilting 
modules over duplicated algebras. 

From now on, we always assume that A is a representation-infinite hereditary 
algebra over an algebraically closed field k, and A^ is the duplicated algebra of 
A. Note that gl.dim A^ = 3. According to Corollary 3.3, we know that a faithful 



basic almost complete tilting modules over duplicated algebras has at least three 
complements and at most four complements. 



Proposition 4.1. Let be the duplicated algebra of A and Ti be a faithful 
basic almost complete tilting A^ -module with pd A (i)T x < 1. IfTi has exactly four 
non-isomorphic complements, then T = T\jP is a faithful A -module, where P\ is 
the direct sum of projective injective summands of Ti . 

Proof. Assume that Ti has four non-isomorphic complements Xq, X±, X2, X%. 
Since pd A (i)Ti < 1, by Lemma 2.2 and [15], we can assume that pd X < 1 and 
pd Xi < 1, pd X 2 — 2 and pd X 3 = 3. If T = T\jP\ is not a faithful A -module, 
according to Lemma 2.1 we can regard A^-ind as a full convex subcategory of 
A^-ind. By [7] and [15], we know that X x G Si, X 2 G S 2 and X 3 G S 3 . Since 
S 3 fl Ax-ind = 0, we have that X 3 G" A^-mod. This contradiction insures that 
T = Tx/Pi must be a faithful A -module. The proof is completed. □ 

Remark. Generally speaking, the converse of Proposition 4.1 dose not holds. 

Example 1. Let P4 be the tame quiver and A™ = kD A /I. 

2 2' 

\ s \ 

5 5' 

Then the indecomposable projective-injective A^-modules are represented by 
their Loewy series as the following, 

V , 2' , 3' , 4' 5' 
P[ = 2345 , P 2 ' = V , P3 = 1' , Pi= 1' , Ps= 1' ■ 
1 2 3 4 5 

The direct sum P{ © P 2 ' © -P3 © Pi © -P5 °f a ^ indecomposable projective-injective 
A^-modules is denoted by P ± . 

Let Ti = 23 1 45 © 3 © 4 © 5 © Px. Then Ti is a faithful basic almost complete 
tilting A (1) -module with pd Ti = 1 and T = T x jP\ is a faithful Armodule. 



One can easily see that Ti has only three non-isomorphic complements X = 
3 | 5 , Xi = 2, X 2 = 2, , and pel X = pel X x = 1, pel X 2 = 2. Note that Ti has 
no complement with projective dimension 3. 

Theorem 4.2. Lei &e i/ie duplicated algebra of A, and Ti fre a faithful 
basic almost complete tilting -module with pd j4 (i)T 1 < 1. T/ien Ti /ios exactly 
four non-isomorphic complements if and only if the unique complement X to Ti 
wzt/i pd A (i)X = 2 s^c/i t/iat the injective envelope E(X) of X is projective. 

Proof. We assume that the unique complement X to Ti with pd A (i)X = 2 
such that the injective envelope E(X) of X is projective, then we have an exact 
sequence -> X -A £(X) ^> y -> with y ^ 0. By Lemma 6 in [2], we know 
that E(X) is the projective cover of Y and Y is also indecomposable. Note that 
Ext^ ( i)(Ti, X) = 0, we deduce that g : E(X) — > y is the right minimal add Ti- 
approximation. By using Lemma 2.2, we know that Y is also a complement to Ti 
with pd y = 3, hence Ti has four non-isomorphic complements. 

Conversely, if Ti has four non-isomorphic complements, then Ti has two com- 
plements with projective dimension at most one, a unique complement X with 
pd X = 2 and a unique complement Y with pd Y = 3 respectively. The projective 
cover P(Y) of Y is injective since F G A^-mod. According to Lemma 6 in [2], 
we have a non split exact sequence — > X -P(y) y — > with X indecom- 
posable and pd K = 2. Moreover, -P(y) is the injective envelope of K. Note that 
g : P(Y) — > y is the right minimal add Ti-approximation since Ext^ ( i)(Ti, X) = 0. 
By using Lemma 2.2, we know that K is a complement to Ti with pd K = 2. It 
forces that X ~ X and the injective envelope -E'(X) = -P(y) of X is projective. 
This completes the proof. □ 

Theorem 4.3. Let A^ be the duplicated algebra of A andT 2 be a faithful basic 
almost complete tilting A^ -module with pd j4 (i)T 2 < 2. Then T 2 has exactly four 
non-isomorphic complements if and only ifT 2 has a complement X with pd X = 3. 

Proof. If T 2 has a complement X with pd X = 3, then by Lemma 2.2, T 2 has 
three non-isomorphic complements with projective dimension at most 2, hence T 2 
has exactly four non-isomorphic complements. 



Conversely, if T 2 has exactly four non-isomorphic complements, by using Lemma 
2.2 again, we know that T 2 must have a complement X with pd X = 3. □ 



Corollary 4.4. Let be the duplicated algebra of A andT 2 be a faithful basic 
almost complete tilting A^ -module with pd A (i)T 2 = 2. If T 2 has a complement X 
with pd X = 2 such that the injective envelope E(X) of X is projective, then T 2 
has exactly four non-isomorphic complements. 

Proof. According to the assumption, we have a non split exact sequence — > 
X — > E(X) Y — > with y indecomposable and pd Y = 3 and E{X~) is the 
projective cover of F. Since Ext^(i) (T 2 , X) = 0, we deduce that g : E(X) — > Y 
is the right minimal add T 2 -approximation. By using lemma 2.2, we know that Y 
is a complement to T 2 . Since pd Y = 3, by Proposition 4.3 we know that T 2 has 
exactly four non-isomorphic complements. This completes the proof. □ 

Remark 4.5. Note that the converse is not true. That is, let T 2 be a faithful 
basic almost complete tilting A^-module with pd A (i)T 2 = 2. If T 2 has four non- 
isomorphic complements, we know that T 2 must have complements with projective 
dimension 2, but their injective envelope may be not projective. 

Example 2. Let A^> = kD^ ^ / 1 be the same as example 1. 
T P+ To _ 3'4'5' ffi 2'4 / 5 / ffi 2 , 3 , 5 / ffi 2'3'4 / ffi Pi 

Then T 2 is a faithful basic almost complete tilting A^-module with pd T 2 = 2. 
One can easily see that T 2 has four nonisomorphic complements X — 1, X ± — 

2M5 ' X2 = 2 VVY ' X3 = 2 ' 2 iw' 5 ' ' and Pd X = 2 for < ^ < 3. 
However the injective envelope E(X 2 ) — ( ^ ^ ) 3 of X 2 is not projective. 

Remark 4.6. We should mention that Theorem 4.3 dose not hold for a 
faithful basic almost complete tilting A^-module T 3 with pd A (i)T 3 = 3. That is, 
if T 3 has a complement X with pd A (i)X = 3, we cannot deduce that T 3 has four 
non-isomorphic complements. 



Example 3. Let Q : 1 t= 2 1= V t= 2' and = be the duplicated 



algebra of the Kronecker algebra. The indecomposable project ive-injective A^- 
V 2' 

modules are P[ = 22 and P' 2 = 11 which are represented by their Loewy series. 
1 2 

V 2' 

(1) . Let T 3 = 2' © 22 © 11 • Then pd A (i)T 3 = 3, and T 3 has only three non- 

12 

9999 -I / -i / -i / 9'9' 

isomorphic complements X\ = y\\ ' = 22 ' = 1 ' an< ^ P^ (1) ^* = * 

for 1 < i < 3. 

(2) . The following examples indecate that a faithful basic almost complete 
tilting A^-module T 2 with pd A (i)T 2 < 2 may have no complement with projective 
dimension 3. 

V 2' 

(i) Let Ti = 2 © 22 © 11 • Then pd A( i)Ti = 1, and T x has only three 

1 2 

99 1 ' 

non-isomorphic complements X = ^ , X 1 = ^ , X 2 = 1 , and pd A (i)X = 

pd j4 (i)X 1 = 1, pd A (i)X 2 = 2. Note that Ti has no complement with projective 
dimension 3. 

2' 1' 2' 

(ii) Let T 2 = TT © 22 © 11 • Then pd j4 (i ) T 2 = 2, and T 2 has three non- 

1 1 2 

9'9' 

isomorphic complements X x = 2, X 2 = 1 , X 2 = j/jf-jy ' an< ^ P^aW^i = 1) 
pd j4 (i)X 2 = pd A (i)X 2 = 2. Note that T 2 has no complement with projective dimen- 
sion 3. 

Let T be a faithful basic almost complete tilting A^-module. If pd T < 1, then 
T has a complement with projective dimension 1, and if pd T = 2, T always has 
a complement with projective dimension 2. Now let T3 be a faithful basic almost 
complete tilting A^-module with pd A (i)T 3 = 3. We know that T 3 has complements 
Xi and X 2 in A^-mod with pd X-y < 1 and pd X 2 = 2 respectively. An interesting 
question is that whether T 3 also has a complement X 3 in A^-mod with pd X 3 = 3. 
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